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Limits on Proof Length

A PCP verifier can freat the PCP string as_an MA proof string (tead it in full).

1 Yi !
n particular PCP [&c€s, 2,2, vt ] & MAL&c €, pe =L loglZ), vt'= vk + ﬁ'lo?lﬂ].

Hence, PCP strings are ab feast as Jong as MA proot stringe:
they inherit the limitations on proof length of MA  prool strings.

We proved that MA[€cs, pe,vt] € BPTiME (10(P°)°P°|)'(u-s'¢-s,"’t)).
Hence PCP[&c€s, 2,2, vt ] < BPTINE (20 1eg=. poly (i-?,"’t)).
We deduce that ,e9., O PC? for 3%AT with ﬁ-\o%‘Z\W(#variab\es) violatex RETH.

PCPs  may hove. ADD\TIONAL |imitalions own 17\‘00{‘— |QI\8-H|,

Exomple:  For NP relotions R=Axw} we have PCPs with £- poly (1x1).
Do there exist PCPs with )(=P0|y(|WI)?
theorew: if SAT € PCP[&=0,&=Y;, T=1,1, L= poly (kuariobles), q=00) |
than NP S coNP/poly  (and so PH collapses)

This question is telated fo instance compression for NP.




Limits on Query Complexity [1/2]
Recall the PCP Theorem: NP ePcP [5<=0, Es= o, 22101}, £=poly(n), 6=001), |-=0(l03“)].
@: HOIA) smoll cawn qve_\-y ComF\Qx'd'y be 7

Hard languages are nlikely o have one-quary PCPs:

lemmoc PCP [ 6,65, £, 921, +] < BPTiME (22083, poly (e m)]

prooy: We prove Hat PCP [6,8,2, 4, 9=, ] s IP[ £ &, Ko, pe=loglZ], ve= |03!,],
Considtr the fo\lowiﬂg IP protocol:
Pre(x) Vrp (x)
Somple ge{of‘}r
™= Rc,,(x)ez" ' Compute i:=GBylxg)elf].
a=TlhleX  __a  Check that Dp,lxa)=1.
The Vemma Hhen follows from P& € pe,vcl ¢ BPT'IME(.’LO(P“"‘)-Poly(,_g'c_ss/h)). |

Exampe: o one-query PC? for 3SAT with logls|< o(#variablss) Controdicts RETH.

'\¥ |°%‘Z\=#Vd\"l<kb\QS then 1 Symbo\ con. entode O Condidate &SSiC\ganl\-\'



Limits on Query Complexity [2/2]

The sitvakion for two-query PCfs s different-

* There are NO two-query PCPs over The binary alphober (provid&c\ the. PCP is non-adophive):
lemma: PCP[ Ee=0, &s<1, 2= {0}, L=poly(n), g=2, F=O(lign)] < P

prool: View a candidate fCP string os { variables 2,32,

The decision of V(@) is o function @ (2...,2¢) that depeads on 2 variobls.

- If xel then 3 ossignment a0 st Agegoy Beslan,., 00 = ).

-I% x¢L then ¥ assignmant Qy,-, Qg %-\{&\ (D'x,s("\\,»-,al)“}\g Er <\,

Dmcic\mg between these two is an instance o} 2SAT which is in P. B

e There qre +wo~quqry PCPs  over larger alphabets:
lemma: deeN NPC PCPLE.=0, E= |-+, Z={0,lf, f-polyn), q=2, r=0(logn) ]

proof: Apply the trivial query bundling fo the PCP Theorem.
\
PP, 2, 0,q,v ) < PCP[ & b= |-, 2= 3T, 2= 0R41'), 9'=2, =1+ logq] B



Limits on Soundness

Eepeq{-m% the PCP verifier reduces sondness error but also increases GuRTY Complaxity.
Paralle) ragdi’riov\ (studied in another ectore) tduces soundness error  while prqsmrviv\g query c.ompllxd'y ,
but is efficieat only for 001 repetitions  (dve +o the blow Up in proot Iu\J\-k).

Q: Can one ochieve small Sovndness ertor AND  small query COMP\Qxil'y7
(SV b- CO!\&"QI\\') ( con g_mv\\—)

The p\—e\m'\\ina belief is that soundnest erfor ¢ is achievable with alphabet size poly(£):

Siiviva Scare CoNSECTURE :

O(log
?l qoeN v €2 P°]‘Y(") , NP < PCID[CC-C"O, ES:E/ Z:'{OI‘} ‘°ﬁ£)l L= Poly(h)/ C'=<7o/\‘=0(\03n)]

sliding parameter
Such PCPs have applications:
— shorter succinet arguments (need fewer PCP queries for Hhe came security level)
— improved hardness of opproximation (especially i€ the FCP is a “projection’ qame)

Next we study limitations on PCP coundnecs.
Eq. why. can't e quz)

In particvlar, we obtain intuition for Hhe obove conjecture . £ yith (Z)< o™ ?



First Attempt At Soundness Limitations

lemma: Lo+ e PP [8.20,6,,Z,4,9,r 1. Then

Ec< min{2, \Z\_ﬁ} — L. ¢ DTimm(exP(r+ qloglil))

claim: T ¥xglL lee{‘o,.%'VWeZ“ VIix;9)=0 then L€ D'Timq(cxy(\—l-q-lozlﬂ)).
preok: By perfect completeness, ¥xel e 7 ¥rgefo} VT (x;8)=1,
The decider is D(x):= For every g¢ fon) : if all local views in 3! reject then ovtpet 0.
Else ovtpot |. |
p\—oo(: ok lemwma;
Suppose by wntradiction that L& DTimQ(cxr(\—i-q.logla)), By the daim we deduce that:
+ Ix€L, gedo i}, Te ¢ sk YT ix;e)| so that €2 )°°
y 3xg’LVge{0,l}r31T€Z( st VT (x;8)=1 , S that > T (pick & randem local view) ||

Ccmsidqr He \'egiw\c |Z|=Po|y(h), Q= o0, \’=O(|03V\7. Hence \'1-0]~|03|Z|= O(loaﬂ).

Assuminad P# NP | the lemma implies Hhot {0\— NP \aw\avtxaqs Es2 max{d lZ\’ﬁ}? ‘

|>°|7 CY

QA Whod & we are wob )\ Hus raqime, or €. >0 !



Limitations for High-Soundness PCPs

A BCP verifier tends g-logl=l bits From +he PCP string.

Fb\' NP IO‘V\SVO\E‘Q& 'H\iS 1< iﬂm&\‘iﬂa thV\ q-\oglil« n. (chausm reac\i\ﬂﬂ an n-bit w’d'mss)
’ ] —q-lo Q ochieves Sovndness error £5=0.

In this regime. Yhe soundness error  must be (0L(2717T7),

Hheorew: Assuming the (randomized) exponantial-time hypothesis,

3SAT does not have PCfe  pwhere qo(losﬁ*r\oa\i\):o(n) and E=0(2—T'°31).

In particvlar, for £=poly (n) and 4=00) we get &3 poly(%).
In this regime we camot expect  expenentially-small error ( tegordless of olphabet size).

The theotem {10||0WS From o generic lomma  obovt ALGoriTHMS For FPCPs -
lemmo: Lot L e PCP [&,€5,%,8.9,c). Then

—a-logh . (log L +loalZl)
< (160 2% — L e BPTine [ZO(q o )‘P°‘Y((|-s<).z‘:r‘°al-eg' " J

Prool has 2 steps: Q) Lrom PCP to laconic MA protocol
@ ¥|‘Om loconic MA proi’oco\ to BP ngoriH\w\



Step 1: from PCP to Laconic MA an inpron. 7™ where. b "query antropy

_ail
lemma: Let Le PPl g6y, T, £.9,c). TF €oc (1-€)2 " P Hen L has
an MA Proof- with &':l—(%ec)-z“‘"“ﬁ‘, & = €5, and pC= q~(logﬂ +\03|Z|).

proot: The MA protocol is as follows:

FMA (X ) \IMA(X’“')
. COMP\I'\'G T = Re (x). | Sample ge{@ﬁr and parse T as (&,GQZQ),
2. Sample random &e(“é]) 2. Run Vpep(x;3) and answer query i@ with alil,

3. Send 1= (@, TI[Q]), (Reject it any query oviside o Q.)

Comp\e’reness If XQL then, for IT:=Ree (%), Erg[V,,,_,, (x;8)=1121-€..
[Jith probab\\|+7> ( ) yul 1032/ PM SO\mPIQS Hhe. corredt Query Sef:
SO P\'&/g[ VMA(X,(G,TLG])) ,3> “-Sc l Y ‘“32 :

Soundness: Suppose that for xgl there is xx= (&,0eZ%) st BrVa(x,mal>&s.
FD\’ H:l/QTlQ\ o on(Q oand O\\‘\ﬁ‘\'fory on [Q]\Q“ . we hQVQ B’[Vrg (X)=|]> € (a contradiction ),

Prover communication: Il = IQ1+ITI[Q}] = q-logd+q-log|Z], |




Concluding the Proof of the Lemma

lemma: Lot L€ PCP [£¢, 65,3, L.9,c1. Then

_ l k . (1o 2 ,O ‘Zl
ES< (|—€¢;)' 2 q 05 —_—> L c BPT[ME'[ZO(q (‘ﬂ + 8 )).PO‘Y((I-&)Q_;‘“&P’-GS/ N)] .

M The lemma s a direct implication o} Yhe two inclusions below,

Q) [TODAY] -PI‘OM PCP "'O IO\CONC, MA pro‘l‘oqo\:
Es< (I-£€) fq‘l%k
C FCF[_Sc,es,Z,Q,cl,r] < MA[ EQ': |—(|"f<)7:ﬁ.‘082, fs/ pe = 0[-(103Z+103|Z’),Vr=\']

@ [Rerore] Prom laconic MA profocol o BP algorithm:
MA [€¢ €, PC,V\-] < BVTiME( (pe). Poly e "))




The Case of IOPs: Proof Length

First we consider proot length.
An TOP verifier cam ,in particvlar, read cach TOP prover messoge in full ;

T0P [, K, 7,4, vk] € TP [ecesk,pesLloglzl, ' v + L logl=1]

Hence |, proot - length of o 5 = prower-to-werifier communication - -
Frrvqh—coiy\/Fulp\\'c—'coih Tor of o Pkdi\’e-Coin /Pub\s'c-Coiv\ 1P

In qu\'ic_\'\q\— T0Ps inherit He rdevant limikations (wrt communi qu'{ovn) ot Ifs.

Unlike. PCc | some telatrons R=Clxw? have IOP where [- Poly(IWI) tather Han £ = poly(xi).
Ex: the T0P for QESAT built from LDEs and the sumcheck protocol.
B\H— net ol relations have Such TOP::
theorem: if CSAT € TOP[&=0,&=Y;, k=00), Z= 50,1, = paly (iinuts), q= O(log #qates) |
‘H\QV\ “Some F\aw:il>\q CoanQTOVQ abovt (SAT ig J}a\sa'\.

10



The Case of IOPs: Soundness

Can we hoPQ for siam\:icomﬂy smaller soundness error  vio IO0Ps  compared Yo PCPe?

The answer is NO (o o first order).

This 15 becavse we can design similarly efficient AldoriTHMS For TOPs.

An I0P verifier teads q~|03lZ| bits From +he TOP strings.

F?J\- NP IQV\SVO\SQs -H\is I1C in‘\'ll*e&ﬁy\a wl'\Q.V\ Ct-\08|2l<< n. (Bzcowsm reac\iv\ﬂ an n-bit wﬂ'mss)
, ~ ~q-log? achieves  stvndness. error €5=0,
In this regime. the Soundness error  must be (0.(27770%),

The generic technical lemma is as follows:

lomma: Lot Le ToP[ &, &, Kk, L, £.9,¢] Guith public-coin), T hen

_a.logd ~ (logL+loglZ] »
G (1-€): 21T — Le8PTne [20(61 o ))‘PO'Y((n-&).z':“’aﬂ-sg' " ]

Prool has 2 steps: O Lrom (public-coin) TOP to laconic (public-coin) IP protocol
@ from loconic (public-coin) TP protocol fo BP algorithm
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